
International Conference on Nuclear Data for Science and Technology 2007
DOI: 10.1051/ndata:07310

Direct and semidirect radiative capture of nucleons with Hartree–Fock–BCS
bound states

L. Bonneau1,a, T. Kawano1, T. Watanabe1,2, and S. Chiba3

1 Theoretical Division, Los Alamos National Laboratory, Los Alamos, New Mexico 87545, USA
2 Department of Applied Quantum Physics and Nuclear Engineering, Kyushu University, 744 Motooka, Nishi-ku, Fukuoka 819-0395, Japan
3 Advanced Science Research Center, Japan Atomic Energy Agency, Tokai, Ibaraki 319-1195, Japan

Abstract. Nucleon radiative capture is one of the most important process for nucleo-synthesis calculations in
astrophysics. The nucleon capture can occur in two different mechanisms: the compound reaction and the direct-
semidirect (DSD) process. The compound capture cross sections become very small when many neutron channels
open because the neutron width becomes much larger than the γ width. For incident nucleon energies above about
5 MeV, the capture process can be described by the DSD theory only. In the DSD process, the incident particle is
captured directly by an unoccupied bound state (direct) or it excites a collective state and is then scattered into a bound
state (semidirect). In this picture, the calculation is sensitive to the radial wave functions of the bound state, which
are often calculated with a single-particle model using a Wood-Saxon potential. For astrophysical calculations, since
experimental information on nuclear structure is uncertain or inaccessible, we apply a Hartree-Fock-BCS (HFBCS)
structure model to generate the radial wave functions. The DSD cross sections are obtained by calculating a transition
amplitude to the HFBCS states and using the calculated spectroscopic factors. We calculate the neutron capture cross
sections for even-even spherical and deformed targets, namely 208Pb, 122,132Sn and 238U. The agreement with the
experimental cross sections, only available for 208Pb and 238U, is very good.

1 Introduction

The nucleon radiative capture is one of the most important
processes for nucleosynthesis calculations in Astrophysics.
The incident-neutron energy range of interest depends on
the temperature of the Maxwell–Boltzmann velocity distribu-
tion [1]. Neutron capture cross sections up to several MeV may
meet astrophysical conditions in many cases. In this energy
region, the statistical Hauser–Feshbach model with width fluc-
tuation correction is known to be applicable [2] to calculate
the astrophysical nuclear reaction rates, and extensive studies
have been made (see ref. [3] for example).

In compound nuclear reactions, the capture cross sections
become very small when neutron inelastic channels open,
because the neutron width Γn becomes much larger than the
gamma-ray width Γγ. For incident nucleon energies above
5 MeV or so, the capture process can be mainly described
by the direct-semidirect (DSD) mechanism [4,5]. In this
mechanism, the incident particle is captured directly in an
unoccupied bound state (direct), or it excites a collective (giant
dipole resonance) state and then is scattered into a bound state
(semidirect). Within the perturbation theory, the transition
probabilities of these processes involve radial wave functions
and spectroscopic factors of the final states. The radial part
of the wave function is often calculated with a single-particle
model assuming that the potential has a spherical Wood-Saxon
shape and the experimental spectroscopic factors S are used if
available.

The experimental information on nuclear structure for
unstable nuclei being often uncertain or unavailable, we have
to resort to model calculations to determine the DSD cross sec-
tion. This is why we apply the Hartree-Fock-BCS (HFBCS)
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model to calculate the radial wave-functions of the single-
particle bound states of even-even target nuclei and their
associated occupation probabilities from which we deduce the
spectroscopic factors as in [6,7]. We choose here the Skyrme
interaction in the mean-field channel in two different parame-
terizations and the traditionally associated pairing interactions.
The main interest of considering the HFBCS approach to
nuclear structure here is that we can describe the ground-state
properties of spherical as well as deformed nuclei (with axial
symmetry assumed) in a predictive manner.

2 Theoretical framework

2.1 Direct-semidirect cross section

The DSD model for nucleon capture initially proposed by
Brown [4] and Clement, Lane and Rook [5] was later on
extended to deformed nuclei by Boisson and Jang [8]. The
procedure outlined by Boisson-Jang was then followed by
several studies [9–11] to reproduce experimental capture
cross sections for deformed nuclei.

Let us consider an incident nucleon with wave number kn

and orbital and total angular momenta L and J, respectively.
We denote by RLJ(r) the radial part of its distorted wave
function calculated within the optical model. This nucleon is
captured by an even-even target initially in its ground state
(initial spin 0) and scattered into a bound state |k〉. With
the assumption of axial symmetry for the deformed target,
the single-particle |k〉 is an eigenstate of Jz, the projection
on the symmetry axis of the angular momentum operator J2.
The associated eigenvalue is denoted by K. The deformed
single-particle state |k〉 is a superposition of eigenstates of
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the orbital and total angular momentum operators L2 and J2,
respectively:

|k〉 =
∑
l, j

C(k)
l j |l jK〉 . (1)

The corresponding DSD cross section takes the form of a
sum of two coherent amplitudes [8,9]

σ(k)(l j; LJ) =
8π
9
µ

�2

(
kγ
kn

)3

〈IiKi jK f |I f K f 〉2 ×
∣∣∣T (k)

d (l j; LJ) + T (k)
s (l j; LJ)

∣∣∣2 ,
(2)

where T (k)
d and T (k)

s denote the direct and semidirect ampli-
tudes, respectively, µ is the reduced mass of the projectile–
target system and Ii is the angular momentum of the target
with projection Ki on its intrinsic symmetry axis z. The direct
contribution is given by

T (k)
d (l j; LJ) = e (−i)l+1 Z

(
LJl j;

1
2
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) √
S (k)

l j 〈R(k)
l j |r|RLJ〉, (3)

where e is the effective charge (e = Ne/A for proton and
e = −Ze/A for neutron), S (k)

l j is the spectroscopic factor and

Z(LJl j; 1
2 1) is the Z-coefficient [12]. As for the semidirect-

capture amplitude, it is calculated as
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where 〈r2〉 is the mean square radius, h(r) is the particle-
vibration coupling function, εk is the single-particle energy
of the considered bound state, Eν and Γν are the giant dipole
resonance energy and width, and the index ν stands for the
modes corresponding to major and minor axes. When h(r)
is a surface coupling function [8], the factor 3/〈r2〉 must
be omitted [13]. The transition matrix element between the
dipole and ground states 〈ψ1ν|ρ′ν|ψ00〉 can be related to a
photoabsorption cross section [8,9]. The GDR parameters are
taken from experimental data, or calculated with a simple
systematics [14] obtained from the experimental database.
Upon summing over all the bound states and their (l, j) com-
ponents, we finally obtain the total DSD cross section σDSD.
In this work we adopt the same global optical potential of
Koning and Delaroche [15] in the different mass regions con-
sidered to calculate the radial wave function of the scattering
states. As for the particle-vibration coupling function h(r) in
equation (4), to which the semidirect capture cross section is
sensitive, we employ here the complex function of the form
h(r) = V1r f (r) − iW14a r d f (r)/dr proposed by Potokar [16]
with the values V1 = 75 and W1 = 140 MeV for all considered
nuclei obtained from the analysis of the 208Pb(n, γ) reaction.

2.2 Radial wave-function and spectroscopic factors
within the Hartree-Fock-BCS approach

We consider here two different parameterizations of the
Skyrme interaction in the mean-field channel with the
traditionally associated pairing interactions. On the one hand,
with the SLy4 parameterization [17], we use the density-
dependent delta interaction (DDDI) of Duguet et al. [18] as
a pairing interaction. On the other hand, the seniority force
(constant matrix elements between pairs of time reversed
states) is chosen as a pairing interaction while using the
Skyrme SIII [19] parameterization in the mean-field channel.
The strengths of the seniority force for neutrons and protons
retained here are the same as those used in ref. [20]

Within the Hartree-Fock-BCS approach, the ground state
|Ψ〉 of an even-even nucleus takes the form |Ψ〉 = ∏

k>0(uk +

vka†ka†
k
) |0〉, where |k〉 is the time-reversed conjugate of |k〉 and

a†k is the single-particle state creation operator. The BCS varia-
tional parameters uk and vk are related through u2

k + v2
k = 1, v2

k
representing the occupation probability of |k〉, and this relation
ensures that |Ψ〉 is normalized to unity. The single-particle
wave function associated with |k〉 is solution to the Hartree-
Fock equation [21,22], which is of the form of eigenvalue
equation for the Hartree-Fock Hamiltonian. In practice, the
Hartree-Fock equation is solved by iterative diagonalization.
Owing to the axial symmetry assumed here, we perform this
diagonalization in the cylindrical harmonic-oscillator basis
and then expands it onto the spherical harmonic-oscillator
basis, which yields |k〉 = ∑

n,l, j
s(k)

nl j |nl jK〉. The coefficient C(k)
l j

in equation (1) is therefore related to s(k)
nl j through

∣∣∣C(k)
l j

∣∣∣2 =∑
n�0

∣∣∣s(k)
nl j

∣∣∣2 . (5)

Finally the spectroscopic factor S (k)
i j for a capture reaction on

an even-even target is given by

S (k)
l j =

2 u2
k

2 j + 1

∣∣∣C(k)
l j

∣∣∣2 . (6)

3 Results and discussion

3.1 Occupation probabilities

To avoid any confusion in the definition of the spectroscopic
factor, we compare the calculated occupation probabilities v2

k
for various bound states with the values extracted from exper-
imental data for five even isotopes of tin from 116Sn to 124Sn.
These nuclei being found spherical, there is no ambiguity in

the assignment of the quantum numbers l and j to the single-
particle states |k〉. The results obtained with the SLy4 Skyrme
interaction and the DDDI pairing interaction, and with the SIII
parameterization and the seniority pairing force, are displayed
in table 1. The overall agreement is fairly good within both
HFBCS models.
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Table 1. Occupation probabilities of five neutron single-particle
levels in the N = 50 − 82 shell for even Sn isotopes within the
HF(SIII) + BCS(G) (column labeled “SLy4”) and HF(SLy4) + BCS
(DDDI) (column labeled “SIII”) approaches. Experimental data are
taken from ref. [7].

Level SIII SLy4 exp.

h11/2 0.44 0.35 0.47

d3/2 0.54 0.74 0.59

s1/2 0.64 0.85 0.69

g7/2 0.96 0.92 0.92

d5/2 0.96 0.96 0.86
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Fig. 1. Direct-semidirect neutron capture cross section for 208Pb with
bound states calculated within two different HFBCS models.

3.2 Capture cross sections

First we calculate the DSD cross section with HFBCS bound
states for the target nucleus 208Pb. We use the GDR parameters
E0 = 13.6 MeV, Γ0 = 3.78 MeV and σ0 = 541 mb taken from
ref. [8]. The comparison of the calculated and experimental
cross sections is shown in figure 1. The calculated cross
section has a shape consistent with the experimental data [23–
25], but the absolute cross section is slightly lower. A better
reproduction of the data might be obtained with an appropriate
adjustment of the V1 and W1 parameters of the Potokar
particle-vibration coupling function. Two other causes to the
underestimate of the cross section are the underbound char-
acter of the calculated bound states (due to particle-vibration
coupling missing in the current Hartree-Fock description) and
correlatively missing experimental bound states calculated to
be quasi bound. A further investigation of these two effects has
been carried out in ref. [26].

Then we perform capture cross section calculations for two
tin isotopes, 122Sn and 132Sn (see fig. 2). The latter is of partic-
ular importance in the r-process of nucleosynthesis. Because
of its doubly magic nature, 132Sn has a very small compound
radiative-capture cross section, and reaction rates for the
132Sn(n, γ) and 133Sn(γ, n) reactions become comparable in
the r-process. As a result, relatively large amount of 132Sn
accumulates before it β-decays to 132Sb. In the upper panel
of fig. 2 we have represented for 122Sn the DSD cross sections
with SLy4 and SIII as dashed and dash-dotted lines, respec-
tively, and the corresponding compound-nucleus-plus-DSD
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Fig. 2. Same as figure 1 for two tin isotopes: 122Sn (upper panel)
and doubly magic 132Sn (lower panel). The curves labeled “all”
correspond to calculations that include all the calculated single-
particle states experimentally bound.

cross sections (labeled CN + DSD) as solid and dotted lines,
respec tively. The DSD contribution to this cross section below
10 MeV is small, and the experimental data [27–31] below
4 MeV are reproduced by the compound-reaction mechanism.
Above 10 MeV the DSD mechanism becomes dominant. In
the lower panel of figure 2 we have plotted the calculated CN
capture cross section (solid line) as well as the DSD cross sec-
tions obtained with SLy4 (dashed line) and SIII (dotted line)
single-particles for the 132Sn target. The DSD and CN cross
sections have almost the same magnitude in the MeV incident
energy region, which may change the Maxwellian averaged
cross section when the temperature of r-process is very high.

Finally we have carried out the same calculations for
the deformed target nucleus 238U. Although coupled-channels
calculations for the scattering states are expected to be more
appropriate, we make the approximation of a spherical optical
model and use the Koning-Delaroche potential [15]. The GDR
parameters are taken from Caldwell et al. [32]. Figure 3 shows
a comparison of the calculated DSD cross section obtained
using SLy4 (solid line) and SIII (dashed line) deformed
bound states with the experimental data [11,24]. The use
of SLy4 bound states gives a slightly better agreement with
measurements. We also calculated the DSD cross section with
spherical HFBCS solutions with both Skyrme interactions
(dotted and dash-dotted lines in fig. 3). The effect of the target
deformation is found to be rather small. This can be explained
by the fact that the sets of bound states in the spherical and
deformed HFBCS solutions that contribute to the direct and
semidirect amplitudes do not differ significantly in proportion
to the number of bound states involved. Therefore it seems
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Fig. 3. Same as figure 1 for the deformed target 238U with unshifted
single-particle energies.

to us that the better agreement of our DSD cross section
obtained using spherical bound states with experimental data
from 10 MeV to 14 MeV is fortuitous.

4 Conclusion

We proposed a new technique to calculate the DSD nucleon
capture cross sections. The single-particle bound states and
their occupation probabilities are determined within the HF-
BCS model, whereas the incident wave function is calculated
in the optical model. The transition amplitudes are calculated
for each single-particle state using the theory of Boisson and
Jang [8], with the Potokar’s complex form factor for the
vibration-particle coupling. The calculated occupation prob-
abilities for 122Sn agree fairly well with experimental data
and the calculated neutron capture cross sections for 208Pb
and 238U reproduce very well the experimental cross sections
with a common set of parameters for the Potokar form factor.
The method was also applied to 122Sn and 132Sn, which are
important for the r-process. Whereas the compound-reaction
mechanism dominates up to a few MeV neutron incident
energies, we find that the DSD process becomes of the same
magnitude for 132Sn.
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