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Systematics and uncertainties of Hamiltonian parameters of soft-rotator
model for actinides and their implications for nuclear data calculations
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Abstract. The collective low-lying levels of even-even actinides are analyzed in terms of the soft-rotator model
(SRM), and best fit parameters of SRM Hamiltonian are deduced for 19 nuclides. Systematics of these parameters
are then obtained as a function of the ground-state quadrupole deformation. It was found that there is a possibility
of extending such a systematics to include the fission product nuclei. Furthermore, we propose a method to estimate
the covariance of the SRM parameters and its impact on the cross sections calculated with them quantitatively. It is
shown that low-energy observables are more sensitive to the uncertainties in the SRM parameters, therefore, sensitive
to the collective structure effects.

1 Introduction

Excitation of low-lying collective levels is an important char-
acteristics of nucleon-induced nuclear reactions for low- to
medium-energy range directly relevant to nuclear data eval-
uation. It is well known that the concise calculation like
spherical optical model fails to reproduce measured data for
heavy fission-product and actinide regions since they are
highly deformed nuclei. Furthermore, many of the spherical
nuclei exhibit collective vibrational excitation. Therefore it
is essential to take these collective effects into account into
nuclear data calculation accurately.

We have been developing and applying a computational
scheme based on the soft-rotator model (SRM) and a coupled-
channel method based on it (SRM-CC) for many years[1–7].
In this approach, we start considering the nature of low-
lying collective levels of even-even nuclei, assigning specific
quantum numbers of rotational and vibrational motions, and
we search SRM Hamiltonian parameters to reproduce the level
energies. These parameters are then used to calculate their
coupling strengths, like the factor 〈G.S .|βn

2|Jπq 〉, in the coupled-
channel calculation. The SRM parameters appear through
the description of the SRM wave functions, e.g., |G.S .〉 and
|Jπq 〉, where q denotes a set of quantum numbers of SRM.
We have seen that the coupling strengths calculated by SRM
are noticeably different from those by simple rigid rotor or
harmonic vibrational model in many cases. This SRM-CC
approach has turned out to be a powerful tool for calculation
of nuclear data for low- to medium-energy range.

Normally, the SRM Hamiltonian parameters are deter-
mined for each specific nucleus. However, for some nuclei,
only limited information is available. In such cases, we can-
not determine the SRM Hamiltonian parameters, and conse-
quently, we cannot get a good estimation of the cross section
data.

In the present work, we apply the SRM to some even-
even actinides, and deduce the SRM Hamiltonian parameters
for each nucleus. Then, we try to find a systematical trend
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from the results, which will be used for nuclei for which
the collective level information is missing or incomplete.
Furthermore, we propose a method to estimate covariance of
the SRM parameters and that of the cross sections calculated
with them. This method will be applied to 238U and 250Cm
to demonstrate the magnitude of the uncertainties brought by
SRM parameters as typical examples.

2 SRM analysis of low-lying collective levels of
even-even actinides

The SRM analysis was carried out for the 19 even-even
actinide nuclei listed in table 1. In this table, the ground-state
quadrupole deformation parameter β20 and number of levels
considered for each collective band are listed. In the present
work, the ground-state rotational band (G.S. rot.), K ≈ 2 band,
β2-vibrational band (nβ2 = 1), negative parity octupole band
(πβ3 = −1) and γ-vibrational band (nγ = 1) are considered.
The meaning of the variables and symbols are explained in
ref. [8]. The experimental levels are taken mostly from the
recent version of the Nuclear Data Sheets, while some of
recent experimental data are also employed, e.g., ref. [9].

The SRM Hamiltonian parameters are adjusted to repro-
duce the level energies in table 1 for each nucleus on the
basis of χ2 minimization. After these searches are finished,
their systematical trend was sought for as a function of β20,
and new initial values are generated. That parameter search
was carried out several times until a good convergence was
achieved. An example of the levels calculated with the best fit
parameter is displayed in figure 1 for 238Pu, for which levels
in the whole bands are experimentally known. We adopted
the β20 value from the work of Koura, Tachibana, Uno and
Yamada known as KTUY05 mass model [10]. Then, each
parameter was fitted by a simple polynomial of the second
order (or less) as a function of β20. Example of this fitting
is shown in figure 2 for the �ω0 parameter. We notice a clear
systematical trend. In this figure, the results of nuclei for which
levels are known in 5 bands are shown as full circles, while
those of other nuclei are plotted with open circles. We put
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Table 1. Nuclei, their ground-state quadrupole deformation para-
meter β20[10], and number of levels in each band adopted in SRM
analysis.

Nucleus β20 G.S. rot. K ≈ 2 nβ2 = 1 πβ3 = −1 nγ = 1
224Th 0.176 6 5
226Th 0.194 6 2 5
228Th 0.203 8 3 2 4
230Th 0.217 6 3 3 4
232Th 0.235 6 4 3 3
232U 0.231 6 3 3 2
234U 0.242 7 5 3 3 2
236U 0.258 9 4 5
238U 0.264 6 4 3 2 3
238Pu 0.264 7 3 2 3 2
240Pu 0.274 6 2 3 3
242Pu 0.280 7 1 2 3

242Cm 0.282 4
244Cm 0.289 5
246Cm 0.291 5 3 2 3 3
248Cm 0.295 8 2 3 3
250Cm 0.301 7
250Cf 0.299 4 3 2 2 2
252Cf 0.301 3 3
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Fig. 1. Low-lying collective levels of 238Pu. The experimentally
known levels are shown at the leftmost column, while results of the
SRM calculation with best-fit parameters are shown to the right for
various band levels.

a certain weight on the full circles. The obtained polynomial
coefficients are shown in table 2. Such a systematics can be
used to estimate the low-lying collective levels of nuclei for
which they are not known or only partially known. We have
used the systematics of the parameters obtained and compared
the SRM results with experimental data[9] for 250Cm in
figure 3. We notice that not only the experimentally known
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Fig. 2. Obtained �ω0 parameter (symbols) and a polynomial fitting to
it (smooth curve).

Table 2. Polynomial coefficients to reproduce the systematical trend
of SRM parameters obtained from the global analysis of low-lying
collective levels of actinides. The parameters are expressed as P =
a × β2

20 + b × β20 + c, where β20 denotes the ground-state quadrupole
deformation parameter deduced from KTUY05 mass model[10].
These parameters must be used in the range of the present analysis,
namely, 0.17 ≤ β20 ≤ 0.3.

Parameter a b c
�ω0 27.53 −8.418 1.233
µβ20 6.464 −4.698 1.016
µγ0 −0.2813 0.3253
γ0 −0.2425 0.2193
a42 0.01494
γ4 −0.006834 0.07791
δ4 −0.001748 0.7045
ε0 −0.05671 0.1751
η −0.01289 0.006875
µε 0.01708 0.4522
a32 −0.02574 0.02591
δn 659.9 −152.1 10.20

G.S. band levels are reproduced fairly well but that other
missing levels are predicted above the excitation energy of
1.2 MeV rather densely. These estimated levels will modify
the direct inelastic cross sections and as well as the level den-
sity, affecting the statistical model calculation considerably.

Furthermore, we have investigated a possibly to get sys-
tematics for a wider mass region by combining the present
results with an analysis in the fission production region [11].
The result is shown in figure 4 for µβ2 parameter. We can
find a surprisingly smooth trend ranging from small β20 region
(probably vibrational nuclei) to large deformed nuclei, which
include both the actinide and heavy FP nuclei.

3 Covariance analysis

Next, we try to calculate the uncertainties of the estimated
SRM parameters and their impacts to the cross sections
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Fig. 3. Low-lying collective levels of 250Cm. The experimentally
known levels are shown at the leftmost column, while results of the
SRM calculation using the systematics obtained are given for various
band levels to the right. Some SRM parameters were readjusted to
reproduce the observed levels of this nucleus.

0.0 0.1 0.2 0.3
0

1

2

3

4

5

β20 (KTUY05)

µ β
20

Present (Actinides)

Z=64-74

Z=26-44

Fig. 4. The µβ20 parameter obtained presently for actinides (filled
circles) and preliminary for FP nuclei (open circles and squares).

calculated using them. By starting from the covariance V of
the level energy vector E to which the SRM parameters are
adjusted, we use the law of error propagation twice to obtain
the covariance C of the calculated cross sections σ:

C = HZHᵀ, and (1)

Z = (GᵀV−1G)−1. (2)

Here, G and H are sensitivity matrices given as

G =

Gi, j

∣∣∣∣∣∣Gi, j =
∂Ecal

i

∂Pj

 , and (3)

H =
(
Hi, j

∣∣∣∣∣∣Hi, j =
∂σi

∂Pj

)
, (4)

while Z is the covariance matrix of SRM parameters repre-
sented by a vector P (=Pj, j = 1, ..., number of parameters).

Table 3. Names (leftmost column), their uncertainties in % (second
column) and lower-half of the correlation matrix multiplied by 1000
for the “key” SRM parameters used in parameter adjustment for 238U.

Name Error (%) �ω0 µβ20 µγ0 γ0 δn

�ω0 0.415 1000
µβ20 0.254 −886 1000
µγ0 0.322 27 204 1000
γ0 0.231 −14 220 169 1000
δn 0.478 6 −273 −283 −262 1000

Table 4. Same as table 3 but for 250Cm.

Parameter Name Error(%) �ω0 µβ20 γ0

�ω0 48.0 1000
µβ20 27.3 −1000 1000
γ0 143 997 −997 1000

We assume that the errors of the level energies are diagonal
and represented with a constant fractional error f :

V =
{
Vi, j

∣∣∣∣Vi, j =
(

f Eexp
i

)2
δi, j

}
. (5)

The constant f was determined with the condition that

f =

√√√
1
N

N∑
i=1

Eexp
i − Ecal

i

Eexp
i

2

, (6)

namely, the χ2 divided by number of level data N is nor-
malized to be unity. Elements of the inverse of Z are then
obtained as

Z−1
i, j ≡

(
GT V−1G

)
i, j
= f −2

N∑
k=1

Gk,i(E
exp
k )−2Gk, j. (7)

This equation shows that the error of the SRM parameter is
directly proportional to the factor f , i.e., a good fit leads to
small errors of the parameters.

It must be noted that the level energies are determined
experimentally to a much higher accuracy than that of theo-
retical prediction. Therefore, the uncertainties assigned to the
diagonal elements of V actually mean the uncertainty of the
model itself.

By using this procedure, we calculate the covariance
matrix of SRM parameters, and identify which parameters are
dominant (“key”) to describe the collective level structure.
Such an identification is important since some of the SRM
parameters have a rather weak sensitivity to the prediction of
energy levels while the sensitivity can be significantly larger
for cross section calculation. Therefore we need to restrict
the number of parameters that are allowed to vary in the
calculation of the covariance matrix.

In table 3, the covariance matrix of “key” SRM parameters
for 238U is shown. The parameters are obtained to a high
accuracy since whole 5 bands are known. Similar results for
250Cm is shown in table 4, for which only 3 parameters could
be identified as “key” due to the fact that only the ground-state
band members are known for this nucleus. Furthermore, the
uncertainties of the obtained parameters are larger by more
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Table 5. Uncertainty of calculated cross sections for 238U and
250Cm due to uncertainties of SRM parameters in tables 3 and 4,
respectively.

Quantity Error (%) of Error (%) of
238U c.s. 250Cm c.s.

S0 0.18 2.6
S1 0.14 21.4

σT (10 keV) 0.067 3.6
σT (1 MeV) 0.079 0.52
σT (2 MeV) 0.061 0.087
σR (10 keV) 0.15 0.081
σR (1 MeV) 0.097 1.5
σR (2 MeV) 0.11 1.3
σel (10 keV) 0.072 6.0
σel (1 MeV) 0.13 0.68
σel (2 MeV) 0.044 1.21
σ2+

in (1 MeV) 0.57 6.8
σ2+

in (2 MeV) 0.24 0.81
σT

in (1 MeV) 0.55 9.6
σT

in (2 MeV) 0.21 1.4

than a factor of 100 compared to those of 238U. The influence
of uncertainties of the SRM parameters in tables 3 and 4 on the
calculated cross sections are shown in table 5. Here, the s- and
p-wave strength functions (S0 and S1), the total (σT ), reaction
(σR), elastic scattering cross sections (σel) at 10 keV, 1 MeV
and 2 MeV, and direct inelastic scattering cross section to the
1st excited 2+ state (σ2+

in ) and total direct inelastic scattering
cross sections (σT

in) at 1 MeV and 2 MeV are selected. These
quantities are calculated by SRM-CC method with a code
OPTMAN[8]. We notice from this table that the uncertainty
is larger in general at low energy than higher ones; compare,
e.g., the uncertainties in σT of 250Cm at 10 keV, 1 MeV and
2 MeV and σT,2+

in at 1 and 2 MeV. Still, the uncertainties in
the calculated cross sections are quite small for 238U because
of the good fit of levels obtained with SRM. However, for
other nuclei for which we have to use the systematics of SRM
parameters, uncertainties in their SRM parameters may be
much larger (possibly several hundred times larger). See, e.g.,
figure 2 and table 4. For those cases, the uncertainties in the
SRM parameters introduce non-negligible contribution to the
calculated cross sections, especially at low energies. In case
of 40Ar for which SRM is not able to describe the collective
levels energies in the same accuracy as 238U[7], uncertainties
in some of the cross sections due to those of SRM parameters
can be almost 50%.

Normally, effects of these uncertainties are “absorbed”
by the adjustment of the optical model (OM) parameters.
It means, however, the OM parameters thus obtained are
influenced by the inaccuracy of the SRM parameters and
shifted from the “adequate” values. The inadequacy of using
the spherical OM or simple rotational or vibrational models is
evident from this context for nuclei exhibiting large collectiv-
ity. This fact may account for the difficulty in explaining, e.g.,
the p-wave strength function with simple models.

4 Concluding remarks

We have analyzed the low-lying collective level structure of
19 even-even actinide nuclei in terms of the soft-rotator model
(SRM) and deduced SRM Hamiltonian parameters. Clear sys-
tematics was found for some “key” parameters as a functions
of ground-state quadrupole deformation parameter. They were
expressed as simple polynomials and their coefficients are
presented. Such a systematics seems to be extendable to the
fission products, and a more universal systematics may be con-
structed in the near future. Then we proposed a method to es-
timate the uncertainties of the SRM parameters and some nu-
merical examples are shown. Influence of these uncertainties
on the calculated cross sections are demonstrated. When the
SRM parameters are determined accurately for nuclei whose
low-lying collective levels are well known, the influence can
be negligible. For other cases, however, the uncertainties in
the cross section can be significant, especially at low energies,
and influence the determination of optical model parameters.
Such effects are known by experience, but we have given a
method to discuss it in a quantitative way in this work. This
fact shows the importance of taking into account the collective
structure effects accurately in cross section calculation. It
should be stressed, however, that the uncertainties in the SRM
parameters can be drastically reduced when we can employ
the Bayes’ theorem, namely, considering cross section data
to further determine them, where the covariance of SRM
parameters V obtained in this work is used as “a priori”
covariance.
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under auspices of Grants-in-Aid for Scientific Research (18560805)
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