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Abstract. In this contribution we present two separated studies that deal with pairing correlations. The first one
corresponds to a new development that aims to include correlations beyond mean field in an unified way and which
is called Variational multiparticle-multihole (mpmh) configuration mixing method. Its main characteristic is that it
conserves explicitly particle numbers unlike the usual HFB or BCS approaches. A comparison with BCS calculations
shows that it is able to restore many correlations in weak pairing regime. The second study is devoted to the localisation
and size of Cooper pairs in nuclei. We have defined the Cooper pair wave function in HFB approach. The main feature
is that we obtain a shrinking of Cooper pair size (that is of the order of 2–3 fm) at the nuclei surface compare to the
center of the nucleus.

1 Introduction
Pairing correlations are of great interest in nuclear physics
as they manifest in open-shell nuclei which constitute the
majority of nuclei. These correlations have been included in
microscopic models for a long time. They are commonly
treated using the BCS or Hartree-Fock-Bogoliubov (HFB)
theories. These methods suﬀer from defects that may be
an obstacle to an accurate description of nuclear structure
observables as, for example, particle number violation which
hinders realistic description of pairing correlations in weak
pairing regime. These diﬃculties can be obviated by employing particle number projection techniques [1]. However, such
extensions require considerable additional numerical eﬀorts.
A comparison between exact and approximate treatments of
the pairing interaction can be found in ref. [2] and references
therein.
In view of this, an alternative approach has been proposed
in ref. [3]. It consists in taking as trial wave function a linear
combination of Slater determinants corresponding to multiple particle-hole excitations upon a Hartree-Fock (HF) state,
which explicitly conserves particle numbers. Extensions of
this pionnering work can be found in refs. [4] where the residual part of the hamiltonian is treated in a perturbative way, in
the spirit of highly truncated shell model. In the present contribution, we discuss a variational and self-consistent derivation
of such kind of method [5] using, for the first time, the same
interaction for the mean field part and the residual part of the
Hamiltonian, namely the D1S Gogny force [6]. Here, results
are shown for 68 Ni. Of course, such an approach supposes that
a truncation in the number of configurations introduced in the
trial wave function can be applied. Truncations related to the
order of excitation of configurations or to the excitation energy
of configurations have been studied in an exactly solvable
model and compared to the exact solution, in the case of
pairing Hamiltonian [7]. We should notice that the variational
multiparticle-multihole (mpmh) configuration mixing method
a
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is inspired with Multiconfiguration Hartree-Fock Method of
atomic and molecular physics [8, 9].
Another interesting pairing feature is the spatial properties
of this type of correlations. They have not been extensively
studied in the past but, nevertheless, a certain number of
investigations do exist both for nuclear matter and finite
nuclei [10]. In our work, we use an HFB approach with the
D1S Gogny force [6] to specify the Cooper pair spatial properties. Calculations have been made for spherical nuclei using
a center of mass and relative coordinate representation [11].
In section 2, we discuss the variational multiparticlemultihole configuration mixing method. Then, section 3 is
devoted to pairing spatial properties.

2 Variational multiparticle-multihole configuration
mixing method
We recall briefly the variational mpmh configuration mixing
formalism. A detailed discussion can be found in ref. [5].
In the variational mpmh configuration mixing method, the
trial wave function is taken as a superposition, truncated to
finite order, of Slater determinants corresponding to mpmh
excitations upon a HF-type ground state |φπ φν 


|Ψ  = A0p0h
A1p1h
A2p2h
πν |φπ φν  +
απ αν |φαπ φαν  +
απ αν |φαπ φαν  + · · ·
απ αν

απ αν

(1)
The
are mixing coeﬃcients that depend on proton (π)
and neutron (ν) indices. The φαπ , φαν are Slater determinants
of proton and neutron orbitals with a given order of combined
excitation (απ , αν ) 1p1h, 2p2h... In the spirit of the mean field
approaches, a priori, no inert core is assumed in this method.
Let Ĥ be the nuclear eﬀective Hamiltonian
Ampmh
απ αν

Ĥ = K̂ + V̂[ρ]

(2)

where K̂ is the kinetic energy and V̂[ρ] an eﬀective twobody density-dependent interaction. The one-body density ρ
is defined as: ρ = Ψ |ρ̂|Ψ .
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As the Slater determinants included in equation (1) span in
a restricted part of the Hilbert space, the wave function (1)
depends on two sets of quantities:

-Ecor (MeV)

– the mixing coeﬃcients {Ampmh
απ αν },
– the single-particle (sp) states entering the Slater determinant φα .
These quantities can be determined from a variational principle, that is from minimization of the functional
F [ρ] = E[ρ] − λΨ |Ψ 
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Fig. 1. Evolution of the mpmh correlation energy with respect to
neutron valence space for 68 Ni.

(3)

where E[ρ] = Ψ |Ĥ[ρ]|Ψ  is the total energy and λ is a
Lagrange parameter that ensures wave function norm conservation.
The minimization of the functional with respect to the
mixing coeﬃcients and the sp states leads respectively to two
equations:
– a secular equation which is equivalent to a diagonalization
problem in the multiconfiguration space, that gives the
mixing coeﬃcients,
– an inhomogeneous HF-type equation whose second member depends on the two-body correlation matrix σ, that
provides sp states.
The full solution of the variational mpmh configuration mixing
is accomplished through a self-consistent (SC) procedure
where the two previous sets of equations can be solved
simultaneously.
In this work, we have applied the variational mpmh configuration mixing method in the particular case of a trial wave
function that includes only configurations corresponding to
pair excitations of proton or neutron type, in order to describe
pairing correlations. In our calculation, sp states used to
build Slater determinants are developped on axially deformed
harmonic oscillator basis. We have done our calculations with
11 shells that correspond to 286 single particle levels (doubly
degenerated).
The correlation energy is defined as the diﬀerence between
the total energy associated with |Ψ  and the total energy
associated with the HF solution
Ecor = E[ρ] − E HF .

Fixed proton valence space (286 states)

3

(4)

Figure 1 displays the evolution of the correlation energy
for 68 Ni as a function of the number of neutron sp levels for
a fixed number of proton configurations. All the proton configurations corresponding to 286 sp levels have been included.
Results are shown for wave functions including configurations
up to one pair (2p2h), two pairs (4p4h). Contributions associated to three pair excitations are negligible in the case of 68 Ni.
Results concerning BCS approximation are also shown. The
total correlation energy obtained in the mpmh configuration
mixing approach is around 3.8 MeV. A calculation including
only configurations associated to one pair excitation gives
around 3.4 MeV. This means that adding configurations corresponding to two pair excitations corresponds to an energy
gain of 400 keV. Correlations are dominated by one excited
pair component that are built with sp levels close to the Fermi
level. The slow convergence of the correlation energy can be

understood from the fact that the Gogny force involves sp
levels up to energies of the order of 100 MeV when pairing
is strong. Therefore, a suﬃcient number of sp levels must be
included. The comparison with BCS calculation shows that
mpmh configuration mixing method is able to restore many
correlations. In the case of 68 Ni, the diﬀerence between the
two approaches is of the order of 3.4 MeV.
If we look to the structure of the correlated wave function
for 68 Ni, we see that the HF component corresponds to 84%
and the summed one excited pair component to 14.5%. Two
excited pair component contributes only to 1.5%.

3 Generic strong coupling behaviour of Cooper
pairs in the surface of superfluid nuclei
In the HFB approximation, the two-body correlation function
is defined as
ρ(r1 s1 , r2 − s2 , r1 s1 , r2 − s2 )
= ψ+ (r1 , s1 )ψ+ (r2 , −s2 )ψ(r2 , −s2 )ψ(r1 , s1 )
= ρ(r1 s1 , r1 s1 )ρ(r2 − s2 , r2 − s2 )
− ρ(r1 s1 , r2 − s2 )ρ(r2 s2 , r1 s1 ) + |κ(r1 s1 , r2 s2 )|2 .

(5)

In equation (5), ... = HFB|...|HFB, ψ+ and ψ are creation
and annihilation operators, ρ(r1 s1 , r2 s2 ) = ψ+ (r2 s2 )ψ
(r1 s1 ) is the single particle density matrix and κ(r1 s1 ,
r2 s2 ) = ψ(r2 − s2 )ψ(r1 s1 ) is the pairing tensor in r-space.
The first two terms on the r.h.s. of equation (5) represent
the antisymmetrised mean field factorisation into products of
single particle density matrices which also survive in the pure
Hartree-Fock limit. It is the trivial and uncorrelated part of the
density matrix. The genuine two-body correlations, of interest
here, are contained in |κ|2
κ(r1 s1 1, r2 s2 ) = ψ(r2 − s2 )ψ(r1 s1 ).

(6)

We analyse the localisation properties of pairing tensor calculated in the HFB approximation and using the D1S Gogny
force, for even-even muclei ground states (J = 0). The HFB
equations are solved in the harmonic oscillator basis. We have
restricted the present study to spherical nuclei. In this case the
pairing tensor corresponding to the total spin S = 0 reads

κ(r1 , r2 ) =
ψ(r2 − s2 )ψ(r1 s1 )
s1 ,s2

=

1  2 j + 1 lj
κn ,n un l (r2 )unl (r1 )(−)l Pl (cosθ21 )
4π n,n l j 2
(7)
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Fig. 3. Cooper pair size ξ(R) for 22 O, 60 Ca, 60 Ni, 104 Sn, 120 Sn, 212 Pb.

where unl (r) are the radial wave functions of the harmonic
oscillator and κnl j n is the matrix of the pairing tensor for a given
orbital and total angular momenta l j. As defined here, the latter
has an intrinsic parity (−)l .
The pairing tensor can be expressed in terms of relative
and center of mass (CM) coordinates, i.e., r = r1 − r2 and
R = (r1 + r2 )/2, using the Brody-Moshinski transformation.
One thus gets
κ(R, r) =

1 
(2 j1 + 1) κnl12j,n1 1
4π n,n ,l j
1 1

×

which comes mainly from the contribution of the state 3s1/2 to
pairing correlations.
The size of a Cooper pair is charaterized by its root
mean square (rms) radius. Thus, for a fixed center of mass
coordinate, the rms radius is:
1/2

r4 κ2 (r, R, θ)drsinθdθ
ζ(R) = 
(9)
1/2 .
r2 κ2 (r, R, θ)drsinθdθ
In figure 3, we have represented the rms radius for various
nuclei. One sees well defined and pronounced minima at
ξ ∼ 2 − 3 f m for R of the order of the surface radius, for all
nuclei. This shows a shrinking of the size of Cooper pairs from
the center to the nuclear surface. This seems to indicate that,
in the nucleus, Cooper pairs are in a strong coupling regime.
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nNl


(−)l

2l + 1
2l1

1/2

√
√
unl (r/ 2) uNl ( 2R)

× Pl (cosθ) nlNl; 0|n1 l1 n2 l1 ; 0

(8)

where nlNl; 0|n1 l1 n2 l1 ; 0 is the Brody-Moshinski bracket. In
figure 2, we have represented |κ(R, r)|2 for three tin isotopes.
One can notice that for all tin isotopes the Cooper pairs have
very small extension in r-direction throughout the nuclear
radius. However, the distribution in R is rather diﬀerent in
the three isotopes. The diﬀerence comes from the localisation
properties of the single-particle shells which are closest to
the chemical potential. Thus, the pronounced concentration
of |κ(R, r)|2 around R = 5 fm in 128 Sn is due to the surface
localisation of the single-particle wave function 1h11/2 , which
becomes much closer to the chemical potential in this isotope
compared to lighter ones. One can also notice that in 120,128 Sn
the pair probability has a sizeable value for small values of R,

