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Configuration mixing in nucleon-induced pre-equilibrium reactions
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1
2
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Abstract. We present a unified semiclassical model of nucleon-induced pre-equilibrium reactions that permits the
simulation of varying degrees of internal configuration mixing. We can reproduce the limits of no intraclass transitions,
assumed in the hybrid Monte Carlo simulation (HMS) model, or of intraclass equilibrium, assumed in exciton models.
We compare the two limiting cases with a natural model, in which the intraclass transitions are treated on an equal
footing with the others. Monte Carlo simulations of the models with no intraclass transitions and with the natural ones
yield very similar emission spectra, which are quite diﬀerent from the exciton model ones. To reproduce standard
exciton model spectra, the model simulations require an intraclass transition rate a thousand times larger than the
natural one. Calculations using simple shell-model interactions show the average squared interclass and intraclass
matrix elements to be similar in magnitude, as assumed in the natural model.

1 Introduction

2 A unified semiclassical pre-equlibrium model

Pre-equilibrium emission plays an ever more important role
in nucleon-induced reactions as the incident energy increases
above about 10 MeV. Models to describe such reactions were
developed long ago. The first of these was the intranuclear cascade model, which follows sequences of two-body
collisions through the spatial volume of the nucleus [1, 2].
A diﬀerent approach was introduced by Griﬃn, who described
a pre-equilibrium reaction in terms of a sequence of collisions that populate increasingly complex configurations of
single-particle-excitations, thus transferring the cascade from
geometrical space to energy space [6]. The two best-known
semiclassical pre-equilibrium models, the hybrid [7–9] and
exciton models [10–13], are based on such an approach.
Although more sophisticated quantum mechanical models
have been developed over the years [14–21], many calculations still rely on these older, but very successful, semiclassical
models [22–24].
The diﬀerences between the hybrid and exciton models
were a point of contention for many years. These were
clarified in an analysis by Bisplinghoﬀ [25], who found the
fundamental diﬀerence between the two to be their assumptions concerning the degree of mixing among configurations
with the same number of particles and holes. The exciton
model assumes the mixing to be complete, so that equilibrium
among these configurations is reached, while the hybrid model
assumes that no configuration mixing occurs at all.
Later, Blann proposed an alternative to the hybrid
model, called the hybrid Monte Carlo simulation (HMS)
model [26, 27], which uses only those lowest-order exciton densities that are consistent with the kinematics of
nucleon-nucleon scattering in a nucleus [9]. The HMS model
contains no configuration mixing and presents a conceptuallyconsistent alternative to the exciton model.

Semi-classical pre-equilibrium models are usually formulated
on the basis of a set of independent single-particle states of
the composite nucleon-nucleus system. In the ground state of
the system, each single-particle state below the Fermi energy
is occupied by a single nucleon. In an excited state, one or
more of the particles occupy states above the Fermi energy,
leaving the same number of holes below the Fermi energy.
Each distinct arrangement of the particles and holes (taking
into account indistinguishability and the exclusion principle)
defines a particle-hole configuration. Energy is assumed to be
conserved at all times, so that only the subset of the particlehole configurations with the same excitation energy, E ∗ , needs
to be considered in a given reaction. The exciton number
of a configuration is defined as the sum of the numbers of
particles and holes. An exciton class is defined as the set of
configurations with the same numbers of particles and of holes
and, thus, the same exciton number. In the exciton model, it
is common practice to suppress one of the holes, which the
model assumes to be fixed at the Fermi energy, when labeling
configurations. We will not do so here.
We assume a nucleon-induced reaction to be initiated by
the fusion of the projectile nucleon and the target to form
a 2p-2h configuration in which one hole is initially at the
Fermi surface. Due to the two-body nature assumed for the
internal nuclear transitions, these can excite another particlehole pair and increase the exciton number by two, scatter two
particles, two holes or a particle and a hole and leave the
exciton number the same or annihilate a particle-hole pair
and reduce the exciton number by two. The transitions that
do not alter the exciton number mix the configurations within
each exciton class. These enter neither in the HMS nor in the
exciton models, although for very diﬀerent reasons.
We take the single-particle spectrum of the model to be
determined so that the most deeply-bound nucleon of the A+1
target-nucleon system is bound by 45 MeV while the projectile nucleon, if it were in its fundamental state at
the Fermi energy, would be bound by a separation energy
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B of about 8 MeV. The initial configuration of the system is
thus a 1p-1h one, with the hole at the Fermi energy and the
particle (the projectile nucleon) occupying the single-particle
state closest in excitation energy E ∗ to En + B MeV, where En
is the incident center-of-mass energy. We do not distinguish
between neutrons and protons.
We treat each particle-hole configuration explicitly. Thus,
we consider the 1p-1h configuration consisting of a particle
of energy ε p1 and a hole of energy εh1 to be distinct from
the 1p-1h configuration consisting of a particle of energy ε p2
and a hole of energy εh2 if p1  p2 or h1  h2. We label
each particle-hole configuration by a letter from the beginning
of the alphabet a, b, c. . . as well as a class label l, m, n . . .
denoting the exciton number, that is, the total number of
particles and holes.
Master equation. The configuration occupation probabilities are governed by a master equation,
dPna 

=
Λna,mb Pmb − Γna Pna ,
dt
mb
where the total decay width of the configuration na is given in
terms of the partial transition widths Λlc,na and partial emission
widths Γe,na by


Γna =
Λlc,na +
Γe,na .
lc

e

Emission. We estimate emission using the usual Weisskopf
expression. We take the partial width for nucleon emission
from the configuration na in an interval ∆E of emission energy
e to be
gs µ
Γe,na = 2 2 eσabs (e) ∆E,
π 
if the configuration contains a particle of energy e+ B, where B
is the separation energy, and as zero otherwise. The total
emission width of a configuration is the sum of the partial
widths of each of the particles that can be emitted.
Transitions. We consider transitions induced by energyconserving two-body collisions and denote the partial width
for the transition from mb to na as Λna,mb . We assume microscopic reversibility, so that Λna,mb = Λmb,na . The nonzero
partial transition widths increase the exciton number by 2,
Λn+2a,nb , leave it the same, Λna,nb , or decrease it by 2, Λn−2a,nb .
The two-body collision inducing the transition from a configuration mb to a configuration na is unique. We associate
a single value to all non-zero partial transition widths. We take
this to be the value associated with the average squared matrix
element of the exciton model, which we take to be,

f0


f0 ≈ 1350 MeV, when mb → na
 2π A3 E ∗
Λna,mb = 


0
otherwise
where f0 was adjusted so as to best reproduce the expression
given in equation (29) of ref. [24]. We call this the natural
model.
The HMS and exciton model limits. By varying the transition rates among the diﬀerent classes of states, we can study
the eﬀects of the diﬀerent hypotheses of the two models.
By taking Λna,nb → 0, we eliminate the internal mixing in
each exciton class. The lack of internal mixing is the basic
distinguishing characteristic of the hybrid and HMS models.

Within the unified model, this no-mixing limit furnishes a
model similar to the HMS one.
When the intraclass partial widths are much larger than the
interclass ones,
Λna,nb >> Λna,mb , Λmb,na

m = n ± 2,

(1)

we expect the configurations within an exciton class to
reach equilibrium before the occurence of transitions between
classes. In this limit, the model reduces to the usual exciton
model, in which system evolution and emission rates depend
only on the populations of the exciton classes and not on those
of the individual configurations. The transitions within a class
then no longer contributes to the evolution of the system.
More details of the unified model can be found in ref. [28].

3 Numerical results
The number of particle-hole configurations in a typical
unified-model calculation is usually extremely large, so that
direct solution of the master equation is simply not viable.
We use instead a Monte Carlo simulation method to obtain
emission spectra.
We denote as natural model simulations those in which
the partial widths for internal transitions are identical and
by no-mixing simulations those in which internal mixing
has been eliminated by taking Λna,nb → 0. We denote as
complete-mixing simulations those in which the transitions
between configurations of the same exciton class have been
taken to be a factor of 1000 larger than those used in the
natural model. We also perform standard exciton model
calculations using the class transition and emission rates
obtained from the sums over configurations.
In the simulations, each Monte Carlo cascade was initiated
from a 1p-1h configuration in which the excitation energy is
carried by the particle and the hole is at the Fermi surface.
This hole is normally maintained fixed at the Fermi surface
when pre-equilibrium exciton densities and transition rates
are calculated. We perform complete-mixing and standard
exciton model calculations with the hole fixed and with it
free. We denote the fixed-hole calculations as Mix1 and the
calculations in which the hole is free to interact as Mix0.
In the natural and no-mixing simulations, the hole is free to
interact at all stages of the reaction.
In figure 1, we show spectra of the first emitted nucleon
from a nucleon + 56-nucleon system at an incident centerof-mass-energy of 50 MeV at several stages of the reaction.
The Monte Carlo simulations are shown as histograms while
standard exciton model calculations are displayed as thin
lines. The spectra labeled 2p correspond to emission from the
2p-2h stage of the reaction before the 3p-3h stage is reached.
The spectra corresponding to emission of the first nucleon
from any stage of the composite system are also shown. We
note the excellent agreement between the complete-mixing
and standard exciton model spectra, in both the fixed-hole and
free-hole cases. The no-mixing and natural model simulations
are also in very close agreement with one another. The
fixed-hole spectra are substantially harder than the no-mixing
and natural model ones at each of the initial stages and in the
overall one-nucleon emission spectrum, while the free-hole
spectra are much softer.
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Fig. 1. Spectra of the first nucleon emitted from the 2p-2h and all
stages of a nucleon + 56-nucleon system at an incident energy of
50 MeV. The Monte Carlo calculations are represented by histograms
as labeled in the figure and discussed in the text. The thin lines
correspond to standard exciton model calculations.

One might ask if the factor of 1000 multiplying intraclass
partial widths is necessary to provide the equilibrium of the
complete-mixing model. We reply with figure 2, where we
show spectra of the first emitted nucleon from the nucleon
+ 56-nucleon system at an incident center-of-mass-energy
of 50 MeV at the 2p-2h and at all stages of the reaction for
values of the factor multiplying intraclass transitions of 10,
100 and 1000. Recall that the natural model uses a factor of 1,
but does not fix the hole at the Fermi energy. The fixed-hole
simulations using an intraclass factor of 10 fall closer to the
natural model spectra than to the standard exciton model
one (thin line). The simulations using a factor of 100 come
closer, but are still very distinguishable from the standard
exciton model calculations, which lie atop the simulations
using a factor of 1000. The free-hole simulations (not shown)
fall in an almost symmetrical fashion on the other side of the
natural model calculations, tending toward the corresponding
standard exciton model calculation as the multiplicative factor
tends to 1000. We conclude that a factor of the order of
1000 is indeed necessary to provide class equilibrium in both
complete-mixing simulations.
One might then ask if the intraclass partial widths are not
in fact 1000 times larger than the interclass ones. The average
partial widths can be estimated microscopically within the
shell model as the ratio of the sum of the squares of matrix
elements of the two-body interaction coupling classes of
configurations and the corresponding densities of available
states. In much the same manner that calculation of the density
of available states can be reduced to a convolution over simpler
densities of states [29], the calculation of summed squared
matrix elements can be reduced to convolutions over densities
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Fig. 2. Spectra of the first nucleon emitted from the 2p-2h and all
stages of a nucleon + 56-nucleon system at an incident energy of
50 MeV for various values of the intraclass transition strength. The
Monte Carlo calculations are represented by histograms as labeled
in the figure and discussed in the text. The thin lines correspond to
standard exciton model calculations.

and summed squared two-body matrix elements that either
increase (or decrease) the exciton number by two or leave it
unchanged [30]. Typical values of these averaged two-body
matrix elements are shown in figure 3. We note that the partial
widths for transitions induced by holes are about an order
of magnitude larger than the partial widths of those induced
by particles, in both the interclass and intraclass cases.
The transitions induced by a particle and a hole, possible in
the intraclass case, have partial widths which lie between the
particle-induced and hole-induced ones. However, the densities of available states for hole-induced transitions are much
smaller than those for particle-induced ones, as evidenced in
the figure by the average values, which lie close to the particle
ones. Comparing the average values in the upper and lower
panels, we conclude that the intraclass and interclass partial
widths are in fact about equal, as assumed in the natural model.

4 Conclusions
We have developed a unified model of semi-classical nucleoninduced pre-equilibrium reactions and used it to simulate
the very diﬀerent hypotheses of no mixing and of complete
mixing, as well as an intermediate case that we call the natural
model. We have seen that the no-mixing and natural model
emission spectra are almost identical. This tells us that the internal configuration mixing of the natural model is little more
eﬀective than no mixing at all. Second, we have seen that the
complete-mixing results are identical to the standard exciton
model results but are quite diﬀerent from the no-mixing and
natural ones. This tells us two things: that the complete-mixing
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Fig. 3. Average squared two-body matrix elements for interclass
(upper panel) and intraclass (lower panel) transitions as a function
of the excitation energy.
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